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Lie quantized enveloping algebra quantum coordinate ring
Noether .
Noether , Artin
. Noether , Noether
,
. , , Gorenstein ,
Auslander “Auslander-Gorenstein ” , quantized
enveloping algebra quantum coordinate ring
.
I. Noether .
Goldie’s Theorem: prime (resp semiprime) Noether ring simple
(resp. semisimple) Artin ring order .
order , order ( )
. , ,
Dedekind domain hereditary Noetherian prime ring .
, cychic module , idealizer
.
..
Idealizer : $R$ $L$ ,
$\mathrm{I}_{R}(L)=\{r\in R|Lr\subseteq L\}$
$L$ idealizer . $L$ $R$
, cyclic left R-module $R/L$
$\mathrm{E}\mathrm{n}\mathrm{d}_{R}(R/L)\cong \mathrm{I}_{R}(L)/L$
.
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II. Quantum Coordinate Ring Noether
, quantum coordinate ring quantized enveloping algebra Noether
. ( ) affine
algebra Noether , Hilbert Basis Theorem
, Noether
Ore . , $R$
Ore , $R$ $\sigma$ \mbox{\boldmath $\sigma$} $\delta$
$\delta(ab)=\delta(a)b^{\sigma}+a\delta(b)$ $(a, b\in R)$
, $x$ $a\in R$ , $ax=xa^{\sigma}+\delta(a)$
$R[x;\sigma, \delta]$ . $R$ Noether , $R$ Ore
Noether . , $R$ Ore , , R
( , ) , $R$ Ore Ore .
(1) coordinate ring of a quantum affine space $\mathcal{O}_{q}(K^{n})$
, Manin . $K$ affine
K-algebra $K<x_{1},$ $\cdots,$ $x_{n}>$
$x_{j}x_{i}=q^{-2}xiX_{j}$ $(i<j)$
$K$-algebra coordinate ring of aquatum affine space
, $\mathcal{O}_{q}(K^{n})$ . $O_{q}(K^{n})$
$\{x_{1}\cdot\cdot x_{n}i_{1}.i_{\pi}|i_{1}, \cdots, i_{n}\geq 0\}$
, Noether .
(2) coordinate ring of quantum matrices $\mathcal{O}_{q}(M_{n}(K))$
, $\mathrm{A}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}-\mathrm{s}_{\mathrm{c}}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}-\mathrm{T}\mathrm{a}\mathrm{t}\mathrm{e}[2]$ , Noether




$x_{ij^{X_{k\iota=}X}}k\iota x_{ij}$ $i<k$ $l<j$ ;
$x_{ij}x_{k}\iota-xk\mathrm{t}x_{i}j=(q-2q-2)_{X_{ilkj}}X$ $i<k$ $j<l$
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$K$-algebra (one-parameter) coordinate ring of quantum
$n\cross n$ matrices , $\mathcal{O}_{q}(M_{n}(K))$ . $\mathcal{O}_{q}(M_{n}(K))$ $K$ Ore
Noether .
$\mathrm{G}\mathrm{L}_{n}(K)$ quantum coordinate ring $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))$ , $\mathcal{O}_{q}(M_{n}(K))$





($l(\sigma)$ , \mbox{\boldmath $\sigma$} $(ii+1)$ )
,
$\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))=\mathcal{O}_{q}(M_{n}(K))1\Delta q-1]$
. $\mathcal{O}_{q}(M_{n}(K))$ Noether , $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))$ Noether
.




Proposition (Levasseur and Stafford [17])
$\mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))\otimes_{K}K1z,$ $z^{-1}]\cong \mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))$
(quantum analogue of $\mathrm{S}\mathrm{L}_{n}(K)\cross K^{\mathrm{x}}\cong \mathrm{G}\mathrm{L}_{n}(K)$ )
, $z$ .
$\mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))$ , (division ring) maximal order .
,
$\mathrm{g}\mathrm{l}.\dim \mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))=$ GK-dim $\mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))=n^{2}-1$
.
. , GK-dim Gelfand-Kirilov dimension .
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(3) multiparameter coordinate ring $\mathcal{O}_{\lambda}(K^{n})$ , [11].
$\lambda=[\lambda_{ij}]\in M_{n}(K)$ $K$ $n$ ,
$\lambda_{ii}=1$ , $\lambda_{ji}=\lambda_{ij}-1$ $(1 \leq i, j\leq n)$
. $K$-algebra $K<x_{1},$ $\cdots,$ $x_{n}>$
$x_{i}x_{j}=\lambda_{i}jxjx_{i}$ $(1\leq i, j\leq n)$
$K$-algebra multiparameter coordinate ring ,
$\mathcal{O}_{\lambda}(K^{n})$ . $\mathcal{O}_{\lambda}(K^{n})$ K Ore
, $\mathcal{O}_{\lambda}(K^{n})$ Noether , $x_{i}$
. K-algebra
$K<x_{1},$ $x_{1^{-1}},$ $\cdots,$ $x_{n},$ $x_{n}-1>$
.
(4) PBW-basis (Yamane [32])
$q^{8}\neq 1$ , quantized enveloping algebra $U_{q}(sl(n+1))$ Poincar\’e-
Birkoff-Witt basis . $U_{q}(sl(n+1))$ $\mathbb{C}$-algebra
$\mathbb{C}<E_{i},$ $K_{i},$ $K^{-1}i,$ $Fi|1\leq i\leq n>$
,




$(i,j)<(k, l)$ $\Leftrightarrow$ $i<k$ , $i=k,$ $j<l$
. ,
$f_{k_{1},l_{1}}$ . . . $f_{k.,l_{*}1}K^{m_{1}}$ .. . $K_{n^{m_{r}}}e_{i_{1},j}1^{\cdot}$ . . $e_{ij_{t}}‘,$ ,
$(k_{1}, l_{1})\leq$ ... $\leq(k_{S}, l_{S}),$ $(i_{1},j_{1})\leq$ . . . $\leq(i_{t},j_{t}),$ $(m_{1}, \cdots, m_{r})\in \mathbb{Z}^{r}$
$U_{q}(sl(n+1))$ . , $U_{q}(sl(n+1))$
ltration , graded algebra , $\mathbb{C}<y_{1},$ $\cdots$ , $y_{r}’>$
$y_{i}y_{j}=\lambda_{ijyyi}j$ $(i\leq j, \lambda_{ij}\in \mathbb{C})$
33
. $\mathbb{C}$-algebra Noether
, $U_{q}(sl(n+1))$ Noether . Lie $\mathfrak{g}$ ,
$U_{q}(\mathfrak{g})$ Noether . , $U_{q}(\mathfrak{g})$
Luszting [18] . ([12], [16], [34] )
III. Auslander-Gorenstein FR & Cohen-Macaulay $\uparrow 4$
Weyl algebra Noether , ,
Noether . Weyl algebra
Gronthendieck ( , $\mathbb{C}^{n}$ )
, Auslander-Gorenstein Weyl algebra
. , Weyl algebra $\mathbb{C}^{2}$n standard Poisson
bracket $\mathcal{O}(\mathbb{C}^{2n})$ .
$R$ self-injective dimension ( $n$ , $\mathrm{i}\mathrm{d}(R)=n$
) Noether , $0arrow RRarrow E0arrow E_{1}arrow\cdotsarrow E_{n}arrow 0$ $RR$
. $i(0\leq i<n)$ , $E_{i}$ flat dimension $i$
, $R$ Auslander-Gorenstein . , $\mathrm{g}\mathrm{l}.\dim R<\infty$
,
’
gl.dim $R=\mathrm{i}\mathrm{d}(R)$ , $R$ Auslander-regular .
$K$ positively graded algebra $A=K\oplus A1^{\oplus\oplus}A2\ldots$ K-algebra
$A_{1}$ , $A_{k}(k\geq 1)$ $K$ .
graded $A$-module $M$
$\mathrm{G}\mathrm{K}-\dim(M)+\min\{j|\mathrm{E}_{\mathrm{X}}\mathrm{t}jA(M, A)\neq 0\}=\mathrm{G}\mathrm{K}-\dim(A)$
, $A$ Cohen-Macaulay .
: $G$ $\mathbb{C}$ , , quan-
$\mathrm{t}\mathrm{u}\mathrm{m}$ coordinate ring $\mathcal{O}_{q}(G)$ Auslander-regualr , Cohen-Macaulay
?




(1) coordinate ring of a quatum affine space $O_{q}(K^{n})$ ,
(Goodearl and Lenagan [8])
(2) coordinate ring of quantum matrices $\mathcal{O}_{q}(M_{n}(K))$ ,
(Goodearl and Lenagan [8])
(3) $\mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))$ , $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))$ .
(Levasseur and Stafford [17])
(3) , .
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Proposition (Levasseur and Stafford [17]) $R\text{ }$ Auslander-regular $\text{ }$ ,
Cohen-Macaulay . $T=R[x;\sigma, \delta]$ Ore
.
(1) $T$ Auslander-regular ;
(2) $R=K\oplus R_{1}\oplus R_{2}\oplus\cdot$ . . $R_{1}$ graded $\mathrm{K}$-algebra ,
$\sigma(R_{i})\subseteq R_{i}(.\forall i\geq 0)$ , $T$ Cohen-Macaulay ;
(3) $z\in R$ , $R/zR$ Auslander-Gorenstein ,
Cohen-Macaulay .
(Malliavin $1^{20}]$ ). $q$ 1 . $0$ ,
$U_{q}^{+}(z((3))$ $U_{q}(g[(3))$ 3 $+$-part , $U_{q}^{+}(\epsilon \mathfrak{c}(3))$
Auslander-regular , Cohen-Macaulay .
, Auslander-Gorenstein , “regular
algebra” “Sklyanin algebra” .
Regular Algebra (Artin and Schelter [1])
$K$ positively graded algebra $A=K\oplus A_{1}\oplus A_{2}\oplus\cdot$ ..
K-algebra $A_{1}$ , $A_{k}(k\geq 1)$ $K$
. $A$ , $n$ regular algebra :
.(i) $A$ polynomial growth . , $\rho$ , $\dim_{K}A_{k}\leq$
$k^{\rho}$ $(\forall k\geq 1)$ ;
(ii) $\mathrm{g}\mathrm{l}.\dim A=n<\infty$ ;
(iii) $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{i}(K, A)=0$ $(i\neq n)$ , $\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{n}(K, A)\cong K$ $AK$ $K_{A}$
.
, $\mathrm{g}\mathrm{l}.\dim A=\mathrm{p}\mathrm{d}(_{A}K)$ .
. finite global dimension , Lie enveloping algebra,
Weyl algebra regular algebra .
regular algebra , [1] .
(Artin and Schelter) :
(1) regular algebra Noether ?
(2) gl.dim $A=\mathrm{G}\mathrm{K}-\dim(A)$ ?
(3) regular algebra $l\mathrm{h}$ Auslander-regular $\mathrm{B}\searrow$ ?
3 regular algebra Artin-Tate-Van den
Bergh [4] . ,..
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. Artin 3 regular algebra , geometric data
,. Manin
.
regular algebra , $\mathcal{O}_{q}(M_{n}(K))$ regular algebra (Artin-
Schelter-Tate) , .
: ?
Sklyanin Algebra (Sklyanin, Odesskii-Feigin, Tate-Van den Bergh)
Yang-Baxter , Sklyanin
Sklyanin algebra Noether .
. Sklyanin algebra
, Koszul dual Frobenius
. Noether Koszul dual
. , Frobenius Koszul dual
Noether Auslander-Gorenstein . ( ,
$[35, 36]$ )
$K$ , $n\geq 3,$ $E$ $K$ , $\sigma$ : $Earrow E$
( $\in \mathrm{P}\mathrm{i}\mathrm{c}(E)\cong E$ translation automorphism ,
.
$\mathcal{L}$ $E$ $n$ line bundle ;
$V=\mathrm{H}^{0}(E, \mathcal{L})$ , $n$ $K$- ;
$\Delta_{\sigma}=\{(p, \sigma^{n-2}(p))|p\in E\}$ , $E\cross E$ divisor ;
$M$ involution $(p, q)-(\sigma^{2}(q), \sigma^{2}(p))$ ;
$E\mathrm{x}E$ divisor $D$ allowable , $D$ involution stable
$M$ $D$ ,
$R=$ { $f\in V\otimes V|$ $\mathrm{d}\mathrm{i}\mathrm{v}(f)=\Delta_{\sigma}+D$ with $D$ allowable} . ,
$T(V)$ tensor algebra ,
$A=A_{n}(E, \sigma)=T(V)/(R)$
$n$ Sklyanin algebra .
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Sklyanin algebra el global dimension $n\sigma$) Auslander-regular $\text{ },$ $\mathrm{B}_{\mathrm{a}’}\supset \mathrm{K}_{\mathrm{o}\mathrm{S}\mathrm{Z}}\mathrm{u}1$
algebra . , augmentation $Aarrow K$ , $K$ A- ,
$A\text{ }$ Koszul dual
$\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{*}(K, K)=\bigoplus_{i\geq 0}\mathrm{E}_{\mathrm{X}}\mathrm{t}^{i}KA(, K)$
Frobenius .
$n=3,4$ , Sklyanin algebra regular algebra , $R$
, $E$ smooth 3 , 4
.
4 Sklyanin algebra , $\alpha_{1},$ $\alpha_{2},$ $\alpha_{3}\in K$
$\alpha_{1}+\alpha_{2}+\alpha 3+\alpha 1\alpha_{2}\alpha 3=0$
, $x_{0},$ $x_{1},$ $x_{2},$ $x_{3}$ 1 , :
$X_{0}x_{1}-x1X_{0}=\alpha_{1}(X_{2}x_{\mathrm{a}}+x_{3}x_{2})$ , $x_{0}x_{1}+x_{1^{X}\mathit{0}}=x_{233}x-xX_{2}$ ,
$x_{0}x_{2^{-X_{2}x0}}=\alpha_{2}(x_{3}X_{1}+x_{1}x_{3})$ , $x_{0}x_{2}+x_{2^{X}0}=x_{3}x_{1}-x_{1}X_{3}$ ,
$x_{0}x_{3}-X3x0=\alpha_{3}(x_{1}x_{2}+x_{2}x_{1})$ , $x_{0}x_{3}+x_{3}x_{0}=x_{1}x_{2}-x_{21}x$ .
graded K-algebra $S(\alpha_{1}, \alpha_{2}, \alpha_{3})$ .
$K=\mathbb{C},$ $\alpha_{2}\neq 0$ ,
$c_{+}=X_{\mathit{0}}+\sqrt{\alpha_{2}}$, $c_{-}=x_{\mathit{0}}-\sqrt{\alpha_{2}}$
$S(\mathrm{O}, \alpha_{2}, -\alpha_{2})$ , ([Smith-Stafford[28]) :
$U_{q}(_{S}\iota(2))\cong S(0, \alpha_{2}, -\alpha_{2})/(c_{+}c--1)$
Quantum Polynomial Ring
2 , regular algebra Sklyanin algebra
, Noether .
positively graded K-algebra $A$ , $n$ quantum
$\mathrm{p}$olynomial ring :
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(i) $A$ global dimension $n$ Noether ;
(ii)Hilbert series $n$ , $H_{A}(t)=(1-t)-n$ ;
$(\ddot{\dot{\bm{\mathrm{o}}}})$ $A$ $l\mathrm{h}$ Auslander-Gorenstein $\text{ }$ ;
(iv) $A$ Cohen-Macaulay .
quantum polynomial ring Ore , (division ring)
maximal order . , Koszul algebra , Koszul dual
$\mathrm{E}\mathrm{x}\mathrm{t}_{A}^{*}(K, K)=\bigoplus_{i\geq 0}\mathrm{E}_{\mathrm{X}}\mathrm{t}^{i}A(K, K)$
Frobenius .
quantum polynomial ring :
(1) Sklyanin algebra $A_{n}(E, \sigma)$ , Tate-Van den Berg [30] ;
(2) 3, 4 regular algebra ;
(3) coordinate ring of a quantum affine space $\mathcal{O}_{q}(K^{n})$ ;
(4) coordinate ring of quantum matrices $O_{q}(M_{n}(K))$ ;
(5) coordinate ring $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))$ ;
(6) homogenized enveloping algebra : $\mathfrak{g}$ $K$ Lie , $U(\mathfrak{g})$
enveloping algebra . $z$ , $R$
:
$\{z\otimes x-x\otimes z|x\in \mathfrak{g}\}\cup\{x\otimes y-y\otimes x-[x, y]\otimes z|x, y\in \mathfrak{g}\}$
,
$A(\mathfrak{g})=T(\mathfrak{g}\oplus Kz)/(R)$
$\mathfrak{g}$ homogenized enveloping algebra .
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IV. Prime and Primitive Ideal Spectrum
prime ideal Krull ,
. $R$ prime ideal $P$ ,
$C_{R}(P)=$ { $c\in R|$ $c.+P$ is an regular element in $R/P$}
, prime ideals $X$ ,
$C_{R}(X)=\cap\{CR(P)| P\in X\}$
. Ore (locahhzable set) , $R$
. $C_{R}(X)$ Ore Jategaonkar [13]
.
, , $R$ RS
annihilator ideal
Ann$R(S)=\{r\in R|rS=0\}$
primitive ideal . $S$ $R/\mathrm{A}\mathrm{n}\mathrm{n}_{R}(S)$ (faithful
module) , primitive ring . .
Prime Factor Rings
, ( ) R prime ideal $P$ $R/P$
, prime ring (prime factor ring). , quantum coordinate
ring Lie enveloping algebra prime factor ring
. ,
, prime ring (domain) . prime ring ,
annihilator , ,
annihilator . ,
. , prime ring
, . , .
(1) Goodearl and Letzter [9] : $q$ 1 , $\mathcal{O}_{q}(M_{n}(K))$
prime factor ring . , $\mathcal{O}_{q}.\cdot(.\mathrm{S}\mathrm{L}_{n}(K))$ $\mathcal{O}_{q}.(M_{n}(K))$
,
$\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(K))\cong \mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(K))\otimes_{K}K1z,$ $z^{-1}]$
$\mathcal{O}_{q}(M_{n}(K))$ , prime factor ring .
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(2) Oh [22] : $\mathcal{O}_{q}(\mathbb{C}^{r\iota})$ prime factor ring .
(3) Dixmier : Lie enveloping $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}$ prime factor
ring .
(4) Ringel [25] : $v$ , $\mathbb{Q}(v)$ . $\Delta$
Lie Cartan matrix, $U=U_{q}(\Delta)$ $\mathbb{Q}(v)$ (in the sense
of Drinfeld and Jimbo, and modified by Lusztig) , $U$ 3
$U=U^{-}\otimes U^{0}\otimes U^{+}$ . , U $(+)$-part $U^{+}$ $\mathbb{Q}(v)$ Ore
, prime factor ring .
Queston : prime factor ring ?
Catenarity.
$R$ 2 prime ideals $P\subseteq Q$ , $P$ $Q$ prime
ideals saturated chain , $R$ catenary
. , prime ideals $P_{1}\subseteq P_{2}\subseteq\cdots\subseteq P_{n}$ saturated chain
, $i$ , $P_{i}\subseteq P\subseteq P_{i+1}$ prime ideal P $P_{i+1}$
.
$R$ catenary , 2 prime ideals $P\subseteq Q$ ,
“height formula” [31] :
$\mathrm{h}\mathrm{t}(Q/P)+\mathrm{G}\mathrm{K}-\dim(R/Q)=\mathrm{G}\mathrm{K}-\dim(R/P)$
Gabber : Lie enveloping algebra catenary .
, catenary .
(1) coordmate rlng $\mathrm{U}_{\lambda}(\mathrm{A}^{C}l$ of quantum affine n-space,
(2) coordinate ring $\mathcal{O}_{q}(M_{n}(K))$ of quantumn matrices,
(3) $q\in \mathbb{C}^{\mathrm{x}}$ 1 , $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(\mathbb{C})),$ $\mathcal{O}_{q}(\mathrm{S}\mathrm{L}_{n}(\mathbb{C}))$ ,
($\mathcal{O}_{q}(\mathrm{s}\mathrm{L}_{n}(\mathbb{C}))$ $\mathcal{O}_{q}(\mathrm{G}\mathrm{L}_{n}(\mathbb{C}))$ height one prime ideal
.)
Caldero [6], Malliavin [19].
(4) quantized enveloping algebra $U_{q}(\mathfrak{n}^{+})$ .
( , $\mathfrak{n}^{+}$ Lie . )
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Quantized Function Algebra
$q$ , $\mathfrak{g}$ Lie , $\mathbb{C}$ quantized
enveloping algebra $U_{q}(\mathfrak{g})$ Joseph . Hopf
algebra $U_{q}(\mathfrak{g})$ Hopf dual
$U_{q}(\mathfrak{g})^{*}=$ { $f\in \mathrm{H}\mathrm{o}\mathrm{m}_{K}(U_{q}(\emptyset),$ $K)|f=0$ on some ideal of finite codimension}
$U_{q}(\mathfrak{g})$ comultiplication algebra , $U_{q}(\mathfrak{g})^{*}$
elementary abelian 2-group skew group algebra .
$U_{q}(\mathfrak{g})^{*}$ sub-Hopf algebra , $\mathfrak{g}$ Lie $G$
quantized function algebra , $R_{q}[G]$ . $R_{q}[G]$ Noether
, $R_{q}[G]$ prime ideal primitive ideal Joseph [14]
. , prime factor ring .
, prime ideal primitive ideal .
(Quantum Plane) : $q\in \mathbb{C}^{\mathrm{X}}$ . $\mathbb{C}$-algebra
$\mathbb{C}_{q}[x, y]=\mathbb{C}<x,$ $y>/(yx-q^{-2}xy)$
quantum plane (Manin). Gelfand-Kirillov dimension
2, global dimension 2 Noether ,
$\{X^{i}\mathrm{Y}^{j}|i, j\geq 0\}$
.
$\mathbb{C}$- . $\mathbb{C}_{q}[x, y]$ $\mathcal{O}(\mathbb{C}^{2})=\mathbb{C}[x, y]$ $q$ 1
, 1 .
$q$ 1 , $\mathbb{C}_{q}[x, y]$ prime ideal
(0), $(x),$ $(y),$ $(x-\alpha, y),$ $(x, y-\beta)$ , $\alpha,$ $\beta\in \mathbb{C}^{\mathrm{X}}$
, 1 . ,
, (0) primitive ideal, , $\mathbb{C}_{q}[x, y]$ primitive ring
. , $(x),$ $(y)$ prime ideal primitive ideal .
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